We present a comprehensive and pedagogic discussion of the properties of photons in cold and dense nuclear matter based on the resummed one-loop photon self energy. Correlations among electrons, muons, protons and neutrons in β equilibrium that arise as a result of electromagnetic and strong interactions are consistently taken into account within the random phase approximation. Screening effects, damping, and collective excitations are systematically studied in a fully relativistic setup. Our study is relevant to the linear response theory of dense nuclear matter, calculations of transport properties of cold dense matter, and investigations of the production and propagation of hypothetical vector bosons such as the dark photons.
I. INTRODUCTION
Using thermal gauge field theories photon propagation in dense plasmas is well studied, usually in terms of the hard dense loop (HDL) approximation where the photon momentum is assumed to be small compared to the scales associated with the fermions in the plasma, i.e. their chemical potentials µ and Fermi momenta k f [1] [2] . At extreme densities in deconfined quark matter these methods have been adapted to calculate the photon spectrum in a QCD plasma; see, e.g., Refs. [3] , [4] . In contrast, in cold dense nuclear matter, albeit phenomenologically very relevant to our understanding of matter in neutron stars, photon propagation has received much less attention. In this article, we consider the physical environment present in the core of neutron stars: a degenerate plasma composed of electrons, muons, protons, and neutrons interacting via electromagnetic and strong interactions at densities of around and above nuclear saturation density. We study the photon propagation in detail, utilizing the (relativistic) random phase approximation (RPA), which amounts to resumming one-loop polarization functions to obtain the dressed photon propagator.
For conditions encountered in neutron stars, nucleons form a strongly interacting Fermi liquid and are regarded as quasiparticles with a finite lifetime whose interactions at low energy are described in terms of Fermi-liquid parameters at low temperature. We shall regard them as fundamental excitations, even though their properties are strongly modified by the medium. Collective excitations represent long-wavelength oscillations of the density of these quasiparticles in which they remain correlated due to interactions and/or collisions. The propagation of electromagnetic waves with wavelengths that are large compared to the inter-particle distance in the dense medium is interpreted as collective mode. Thus, the photon propagator at low energy will differ substantially from its vacuum counterpart, and its poles encode gauge invariant information about the dispersion relations and damping rates which are determined by the properties of the medium. In addition to the transverse modes which now obtain a mass gap in their dispersion relations, a new longitudinal mode appears, which, since it owes its existence to the plasma, has been termed plasmon. In the following, we shall continue to refer to the transverse mode as the photon and reserve the term plasmon to describe the longitudinal mode. We note that although the plasmon is a well-defined quasi-particle at long-wavelength, as we discuss later, it is strongly damped at short wavelength when it can readily decay into particle-hole excitations.
In dense nuclear matter under neutron star conditions, the vast majority of nucleons are neutrons and one might wonder about their relevance to the electromagnetic response. In free space, and at low momenta, electromagnetic interactions of neutrons are weak as they arise exclusively due to the small neutron magnetic moment. In a dense plasma, on the other hand, photons can couple to neutrons by virtue of an induced interaction due to the polarizability of (electromagnetically and strongly) charged protons. The consistent resummation of this induced interaction to obtain the dressed photon propagator is an important new aspect explored for the first time in this paper.
A detailed understanding of photon propagation is relevant because in the space-like regime (i.e., for photon fourmomenta q 2 = q 2 0 − q 2 < 0 ) the photon spectrum determines the dynamics of fermion-fermion scattering in the plasma, which in turn strongly influences transport properties. In this regard it is particularly important to understand how dynamical screening effects due to Landau damping affect the longitudinal and transverse spectra of the photon in cold degenerate matter. References [5] and [6] demonstrate that in a dense QED (or QCD) plasma composed of relativistic fermions the transverse channel dominates electromagnetic interactions. Based on this insight, Ref. [7] and [8] calculate the lepton contribution to thermal conductivity and shear viscosity in neutron star cores (see [9] for a recent review), ignoring the effect of induced electron-neutron scattering. Reference [10] shows that induced interactions have the potential to substantially modify these results, and we shall investigate their impact on longitudinal and transverse spectra in detail in this work. We defer the discussion of transport coefficients in this setup to an upcoming publication where we aim for a consistent calculation of the electron and muon contributions to the thermal and electrical conductivity, and shear viscosity using the dynamic photon propagator derived in this work [11] . Space-like properties of photons and plasmons also play a role in determining the neutrino scattering rates at high density which are relevant to our understanding of the core-collapse supernovae mechanism, nucleosynthesis and neutrino signals from galactic supernovae [12, 13] .
In the time-like (q 2 = q 2 0 − q 2 > 0) region, the low energy spectrum of the photon is relevant for the calculation of the neutrino emissivity since neutrino pairs are produced by the decay of photons and plasmons [14, 15] . It is also relevant to studies of the production and propagation of hypothetical dark gauge bosons such as the dark photon that can mix with the ordinary photon both in vacuum and in the medium [16] , [17] . While one-loop effects strongly influence the photon and plasmon mass, Landau damping due to particle-hole excitations is absent for these kinematics. Further, under degenerate conditions, the decay to electron-positron pairs of a virtual time-like photon is suppressed exponentially by the large electron chemical potential in dense nuclear matter. A proper description of life-time effects of photons with energies below the electron-positron threshold in the medium rely on the inclusion Compton scattering and inverse nucleon-nucleon Bremsstrahlung process which appear at two-loop order in QED and will be discussed in a future publication. This paper is organized as follows: Sec. II reviews the calculation of the linear response within the relativistic RPA in the presence of electromagnetic interactions. We first consider a degenerate plasma comprised of a single fermion species. We compare full results to the hard dense loop approximation which is widely used in literature, study real and imaginary parts of the one-loop polarization functions as well as collective excitations. This serves as a useful preparation to Sec. III where strong interactions are introduced: Sec. B 2 elaborates on the derivation of the quasi particle properties from Fermi liquid theory, Sec. III B discusses the photon spectrum in a multicomponent plasma composed of electrons, muons, and protons, and finally Sec. III C considers the impact of induced interactions with neutrons. Throughout this paper we use natural units = c = k b = 1 and the electric charge e 2 = 4πα f where α f = 1/137 is the fine structure constant and a mostly negative metric convention g µν = diag(1, −1, −1, −1).
II. PRELIMINARIES: PHOTON PROPAGATOR, LINEAR RESPONSE AND RPA

A. Photon propagator and linear response
We work in Coulomb gauge subject to the gauge fixing condition ∇ · A = 0. At zero temperature and in the rest frame of the heat bath, the free Feynman propagator is given by
with the usual definition of the transverse projector
The photon self-energy is defined as the difference of the (inverse) dressed and free propagators Π µν (q) =D
and constrained by current conservation q µ Π µν = 0. As a result it is expressible in terms of two scalar functions F (q) and G(q)
where the transverse projector is the same as above while the longitudinal projector reads
P L and P ⊥ are four transverse to q µ while P µν L is three longitudinal and P µν ⊥ is three transverse to q [18] . F and G can consequently be related to Π 00 and the trace Π 
Multiplying Eq. 3 withD and D one obtains the Dyson equatioñ
which self consistently determinesD. We may again write the resummed photon propagator in terms of two scalar functions, say R(q) and S(q):D
Inserting 1, 4 and 8 into 7 and solving for R and S one obtains the closed form solutions
Observe that in the absence of medium effects Π 00 = G = 0 only the transverse propagator exhibits propagating modes with dispersions q 0 = |q| as it should be. This is not the case for covariant gauges where additional unphysical degrees of freedom are to be canceled by the Faddeev-Popov determinant in the partition function. In the low frequency limit the photon spectrum is nevertheless gauge invariant; see Ref. [19] for a detailed discussion. As an alternative to the direct calculation of the photon propagator according to 3 one may also first resum the polarization tensor
After projecting with P L and P ⊥ , the closed form solutions of the polarization functionsΠ
withF = (q 2 /q 2 )Π 00 . Note that additional factors of q 2 /q 2 from relation 1 drop out in the evaluation ofF and the resummed polarization tensor remains gauge invariant. Inserting the above results forΠ into the Dyson equation for the photon propagator 7 (wherebyD on the right hand side has to be replaced by D), one readily recovers 9. For the simple case of a one-loop resummation, both approaches to obtain the full photon propagator are depicted in Fig. 1 . Once it has been calculated, the spectral representation of longitudinal and transverse photons can be extracted via [20] 
The photon propagator and polarization tensor are often discussed in the context of linear response theory and it is instructive to make this relationship explicit. The linear response of an observableX to an arbitrary dynamical variablê Y coupling linearly to an external (classical) source φ cl is given by
where δX is defined as the difference of the ensemble averages evaluated in the interacting system with and without an external source
If we ask for the response of the fermion current to an external photon field we choseX =Ŷ =ĵ µ , a linear interaction of the form H = A µ clĵ µ , and obtain the answer (in momentum space)
whereΠ µν R is the full retarded current-current correlation function, Eq. 11. Alternatively, we can ask for the response of the photon field to an external current. In this case,X =Ŷ =Â µ with H = j µ clÂ µ and one obtains
whereD R denotes the full retarded photon propagator, Eq. 8. The closed form relation 3 is then merely the statement that introducing a charged test-particle (associated with a classical field A Identical one-loop resummations of the photon propagator. Left: direct resummation according to Eq. 3. Right: resummation of the polarization function according to Eq. 10 and subsequent insertion into the photon propagator. j µ , which in turn acts as a source for an internal field A µ i . The response Π to an external electromagnetic field is often denoted by χ and termed generalized susceptibility. Its explicit calculation will be the content of the next subsection. To conclude the current discussion we employ Eq. 15 to calculate the static (q 0 = 0) limit of the density-density correlation function Π 00
where the free energy density of relativistic fermions at zero temperature
and k f = (3π 2 n) 1/3 have been used. Eq. 17 makes use of the fact that δA 0 couples to the density j 0 in the same way as a chemical potential µ associated with the fermions. The result yields the standard definition of the Debye mass (except for a factor of e 2 which appears in a loop calculation in field theory). The susceptibility in the static limit is thus determined by mere thermodynamics.
B. Random phase approximation
Numerous approximations toΠ exist in the literature. In the Thomas-Fermi model, the susceptibility is approximated by its value in the static limit. The random phase approximation (RPA) is the simplest approach to a dynamical susceptibility. It consists of a resummation of one-loop polarization functions as outlined in Fig. 1 . Calculations of the relativistic photon polarization tensor at finite temperature and density can be found in numerous textbooks; see e.g., Refs. [21] , [22] . Renormalization effects are of secondary importance for our purposes and we shall work at fixed coupling e. In the degenerate limit the relativistic response function has first been studied by Jancovici [? ] who was able to derive analytic expressions for Π to leading order in α f . We carry out finite temperature calculations employing the real time formalism (RTF) in Keldysh representation [23] [24] . Propagators are formulated as 2x2 matrices, in the space spanned by particle/thermal ghosts, and most conveniently combined into retarded, advanced and symmetric propagators where only the latter depends on thermal distribution functions [25] 
with the Fermi distribution function at finite density
In terms of these propagators the retarded photon self energy reads
5 Details on the calculation are provided in Appendix A, here we quote the final result for Π 00 and Π µ µ
where the coefficients for Π 00 (Π µ µ ) are C = 1 (C = −2) and K = k +k·q [K = 2( k +k·q+m 2 )] with the usual relativistic dispersions k = √ k 2 + m 2 and the thermal distributions n ± f = n f ( k ±µ). In the ultrarelativistic limit, K/( k k ) reduces tok ·k (2k ·k ) for Π 00 (Π µ µ ). Unless stated otherwise we are interested in retarded quantities and drop the subscript "R" in what follows. Before we turn to the RPA resummation, we calculate the hard dense loop (HDL) approximation of Eq. 22; see also Refs. [1] and [2] . The first step consists of taking the zero temperature limit by replacing Fermi distributions with step functions n ± f → θ(∓µ − k ). One then assumes that the four-momentum of the photon is small compared to the "hard" scales associated with the fermions, i.e., their chemical potentials µ and Fermi momenta k f . In this limit, the angular integrals of 22 can be performed analytically and one obtains the following approximations to 6 (see Appendix A 1 for details):
with the relativistic Fermi momentum k f = µ 2 − m 2 . In the retarded case, the identification q 0 → q 0 +i is implied. The HDL expressions are intriguing in the sense that, despite representing an expansion that treats q 0 and |q| on equal footing, they contain both variables to all orders. Hard loop resummation techniques have been developed to establish a consistent perturbative treatment of gauge theories at finite temperatures and densities which goes beyond the scope of this work. It is nevertheless interesting to investigate under which conditions results 23 and 24 are reliable approximations of the photon polarization. If the fermions in the plasma are very light (e.g., electrons), the HDL condition |q| k f is easily satisfied in degenerate matter and the HDL results approximate the longitudinal polarization functions remarkably well. The transverse component deviates more strongly with increasing momentum |q|; see also Ref. [26] . Decomposition 6 shows that the deviation in the transverse piece originates from the admixture of the trace, for which HDL approximation and full result coincide only close to the light cone. In fact it was shown that the HDL in-medium dispersions of the photon are exact when one is interested in on-shell photons [14] . If the fermions in the plasma are heavy (e.g., nucleons) the HDL condition is violated even for small momenta. The real parts of the polarization functions typically show a peak in the vicinity of q 0 = v f |q|, where v f = k f /µ is the relativistic Fermi velocity. For sufficiently heavy fermions, this peak is far away from the light-cone and one should not rely on HDL approximations. The real parts of the full and approximated polarization functions are shown in Fig. 2 for fixed |q| as a function of q 0 .
C. Single fermion species
To set the stage, we first discuss the case of a degenerate QED plasma composed of a single fermion species, say electrons, and outline the calculation of the dressed photon propagator. While a QED plasma at high temperatures and vanishing fermion chemical potential is manifestly charge neutral, one might wonder about the same issue in the opposite limit of low temperatures and high densities. In the multi species case, charge neutrality is achieved by adjusting the chemical potentials of electrons, muons, and protons accordingly. To give some physical meaning to the single species case, one may think of a so called "jellium" model, where a background distribution of positive charges is determined such that it renders the resulting ground state charge neutral. In its simplest implementation, one assumes a uniform charge distribution which couples to the electron density; see e.g., [27] . Alternatively, one may consider a periodic lattice of positively charged ions. In the first case, the spectrum of excitation includes (quasi-) particle-hole excitations and collective modes which are both modified by the uniform charge background [15] [28] . This is the scenario relevant for homogeneous matter in the core of neutron stars. In the latter case, the localized charge distribution breaks translational invariance and as a result gives rise to additional low frequency modes, the lattice phonons [29] [30] . This is the scenario relevant for the crust of neutron stars. We shall ignore the issue of charge neutrality for the moment and view this section as a mere preparation for the more complicated multi species case.
Dispersion relations and static screening
The dispersion relations of the longitudinal and transverse modes of the in-medium photon are obtained by solving
[or similarly q 2 = Π 00 (ω L , q)] for ω L and ω ⊥ . In the following, we discuss the solutions to these equations in detail. Relations 25 and 26 define poles of the resummed photon propagator if the polarization functions exhibit no imaginary part for given values of q 0 and |q|. As we shall see, this is not necessarily the case. In general, there is one solution to the transverse equation 26, and two solutions to the longitudinal equation 25, which are roughly located on each side of the line q 0 = v f |q|; see Fig. 3 . The branch corresponding to the higher photon energy q 0 is denoted by ω L while the lower branch is denoted by ω < . As explained in detail in the next section, the solution of lower energy is subject to Landau damping (causing a finite imaginary part of F ) and only ω L constitutes a well defined mode. In general, solutions to 25 and 26 are obtained numerically. For very small momenta, we may employ the HDL approximation, expand 23 to leading order in q, and solve for the dispersion relations, which give
where ω 0 is the usual plasma frequency which one recovers from approaching the static limit of 23 and 24 in the time-like
. The lower (damped) solution is more subtle to obtain due to the non-analytic behavior of the logarithm in 23 at q 0 = 0. Since any space-like solution has to be gapless, we choose the In the longitudinal case one encounters a characteristic "thumb-like" structure that has been reported in several references [15] [31] . Only the upper branch corresponds to a collective mode for as long as it resides outside the Landau damped region, see also Fig. 6 . The electron plasma qualitatively resembles the ultra-relativistic case (v f ∼ 1) in which the two longitudinal branches approach the light cone asymptotically. In the proton plasma both longitudinal branches merge at significantly lower momenta. This feature is not captured by the HDL approximation which predicts the existence a longitudinal mode up to much larger momenta, as can be seen from the proton peak in Fig. 2 . The transverse mode obtains a finite thermal mass and remains always time-like. The spectral functions in Fig. 7 are plotted along the thin gray lines.
ansatz
insert it into Eq. 25, and drop quadratic terms in q. The constant c is then determined by the equation
which yields c ∼ 0.83. The slope of the gapless branch is thus determined by the (universal) number c and the mass of the fermions which enters via k f . With increasing momentum, the gapless branch intersects with the line v f |q| and merges with the real plasmon mode ω L , leading to a "thumb-like" shape [15] [31] . At larger momenta, there are no more longitudinal excitations in the spectrum. Any longitudinal mode in a plasma composed of massive fermions shares this fate, which is not unexpected: At higher energies when collective effects become negligible, the photon is expected to return to its vacuum appearance, which is purely transverse 1 . The exact boundary where Landau damping sets in will be evaluated in the next section. It is important to mention that the "tip of the thumb" is always located in the Landau damped region, avoiding the awkward scenario of a mode with infinite group velocity v g = ∂ω/∂ |q|. The transverse mode in the spectrum remains always time-like. In a low momentum expansion, one finds
In the opposite limit of large frequencies and momenta, the transverse photon acquires a thermal mass such that for q → ∞ one indeed recovers the dispersion relation of a free propagating mode. Using the HDL results, one obtains
Physical interpretation of the various contributions to the imaginary part of the photon self-energy according to the cutting rules. The first diagram corresponds to the creation of a fermion/anti-fermion pair while the latter two correspond to Landau damping: particles (and antiparticles) are emitted from or absorbed by the thermal bath. The latter two contributions are particle-hole processes, particle-antiparticle processes are exponentially suppressed in degenerate matter by the large chemical potentials.
Approaching the static limit of the polarization functions in the space-like region, one obtains the screening mass (Debye mass),
in agreement with result 17. As expected, the normal (i.e., not superconducting) phase exhibits static screening for longitudinal but not for transverse (magnetic) photons. The inverse Debye mass defines the length scale at which the screening operates: At distances smaller than m
D , electromagnetic interactions in the plasma are effectively unscreened. Because of their high masses, nucleons obviously provide a far less effective screening compared to leptons. In the static limit, the longitudinal propagator 9 turns into R(
which describes a Thomas-Fermi screened interaction. Note that in the ultra-relativistic limit, the static screening mass can be read off from the HDL expression of the trace A13, Π
In the non-relativistic case (k f µ), the mass is the highest scale, and the m 2 term in A13 becomes dominant. To conclude this subsection, we compute the static limit of the resummed polarization tensor 11
When the full RPA results are used, one encounters dynamical (frequency dependent) screening, which affects both longitudinal and transverse photons.
Imaginary parts
The imaginary part determines the damping γ of a given mode. For well defined quasi-particles, we may decompose q 0 = ω − iγ, assume γ ω, and expand the imaginary parts of the poles of 9
The imaginary part of the polarization tensor is derived in appendix B and reads
with the trace
Non-zero imaginary parts emerge whenever the fermions in the loop are put on shell. The resulting on shell conditions are encoded in the delta functions above and indicate the kinematic requirements of the respective one-loop processes: Since q 0 + k + k > 0 for any angle and momentum |k|, the term corresponding to ξ = − in the first line never exhibits a pole. The ξ = + term of the first line develops a pole for q 0 = k + k is determined by the interplay of the two boundaries q0 = µ + µ 2 − 2k f |q| + |q| 2 (dashed) and q0 = |q| 2 + 4m 2 (dotted): For |q| < 2k f -despite being kinematically allowed -pair creation is completely suppressed for values of q0 larger than the dotted line and only sets in above the dashed line. At |q| = 2k f both boundaries assume the value q0 = 2µ and for |q| > 2k f pair creation becomes possible for values of q0 above the dotted line. Finally for values of q0 above the dot-dashed line q0 = µ + µ 2 + 2k f |q| + |q| 2 the degeneracy suppression has completely faded away and pair creation assumes its vacuum value. The analytic calculation of the imaginary part for each of these regions is presented in Appendix B 1. The thin blue lines indicate the position of the light cone and of q0 = v f |q|. It is easy to see that the energy q0 required to create a fermion/anti-fermion pair is minimal when the photon has momentum |q| = k f . Bottom left: imaginary part of Π00 for |q| < 2k f (left) and |q| > 2k f (right). A convenient choice to illustrate the imaginary parts of both regions is to use the muon mass with a muon chemical potential at saturation density of about 122 MeV. In this case the separation of both regions is clearly visible, yet not too large. The value of 2k f calculates to roughly 124 MeV. The momenta are set to |q| = 80 MeV (left) and 200 MeV (right). Solid lines represent the total magnitude of the imaginary part, and dashed lines represent the vacuum values. The outline in both cases can be understood from the top right diagram: For |q| < 2k f , a non zero imaginary part sets in immediately at q0 = 0 until the boundary of Landau damping is reached. Upon increasing q0, one traverses through a dissipation free region until the threshold for pair creation is reached. Degeneracy effects suppress the imaginary part due to pair creation until one eventually crosses the dot-dashed line in the top right diagram, above which pair creation assumes its unsuppressed vacuum value. For |q| > 2k f , the situation is similar except that Landau damping is absent for sufficiently small q0. With increasing momentum, the imaginary part due to pair creation outgrows the imaginary part due to Landau damping.
which is fulfilled for time-like photon momenta q 2 = q 2 0 − q 2 ≥ 4m 2 , the usual threshold for pair creation. The two terms in the second line develop poles for q 0 = ± k ∓ k corresponding to space like photon momenta q 2 = q 2 0 − q 2 ≤ 0. Cutting rules [32] (or unitarity rules; see Ref. [33] for a thorough introduction) relate the imaginary part of the (one-loop) polarization tensor to interaction rates of tree level processes (see also Fig. 4 for an illustration): The contribution in the first line of 35 corresponds to the production rate of a fermion/anti-fermion pair γ → ff , reflected by the mixing of particle and anti-particle distribution functions which can be rearranged to yield the detailed balance factors of the reaction (1 − n
The two contributions in the second line of 35 correspond to the rates at which fermions (ξ = +) and antifermions (ξ = −) scatter [with detailed balance factors n
where we can dismiss the latter in the degenerate limit. Fermion scattering γ f → f (i.e. the creation of particle-hole pairs) arises due to creation or annihilation of particles during collisions with low momentum photons of the heat bath. It is thus a pure medium effect (observe that in contrast to the first line in 35 there is no vacuum contribution in the second). As a net result the photon looses energy which has been termed Landau damping. In the degenerate limit µ − m T , the fermion gas suppresses Landau damping and pair creation in several regions where it is otherwise kinematically allowed. The domain boundaries become more complicated; see Fig. 5 and Appendix B 1. For very low |q|, one obtains simple approximations to the domain boundaries q 0 = v f |q| for Landau damping and q 0 = 2µ − v f |q| for pair creation. Analytic results for arbitrary q 0 and |q| are derived in Appendix B 1. In the HDL limit, the imaginary part can easily be extracted from 23 and 24
As expected, the HDL results indeed exhibit a strict cut-off at q 0 = v f |q|. A comparison of Landau damping using HDL and full results is shown in Fig. 6 . In addition, we display the solutions ω L and ω < over the magnitude of the imaginary part of Π 00 . We have previously labeled solutions to 25 ω L while they remain in the dissipation free region and ω < in the Landau damped region. For most of its existence ω < resides in a region just below the line q 0 = v f |q|, where it is maximally damped and hence should not be regarded as an actual mode. The value of |q| at which ω L "dives" into the Landau damped region is often referred to as "cutoff momentum" and has to be determined numerically. The one-loop calculation obviously leaves behind gaps in the space spanned by q 0 and |q| which are covered neither by Landau damping nor pair creation. In these domains, two-loop processes (Compton scattering and Bremsstrahlung) which are kinematically allowed, take over.
Spectral functions
The spectral functions 12 are obtained from the resummed retarded propagators in the limit lim →0 Im R(q 0 + i ) and lim →0 Im S(q 0 + i ). In regions where the photon polarization exhibits no imaginary part the limit is somewhat subtle and requires the expansion
where Π is Π 00 or G. Using the limit expression π δ(x) = lim →0 2 /(x 2 + 2 ), one obtains the final results
While the first term picks up contributions from Landau damping and pair creation, the second indicates the position of the poles of the resummed propagators corresponding to the collective modes located in the dissipation free region. Therefore, only the pole ω L develops a (delta) peak in the longitudinal spectrum while the pole ω < is located somewhere in the bulk Dashed and dot-dashed lines correspond to q0 = v f |q| and q0 = cv f |q| respectively. In a region where q0 is slightly smaller than v f |q|, excitations are maximally damped. The position where the undamped mode ωL "dives" into the Landau damped region and loses energy rapidly defines a cutoff momentum |q| max . Gapless solutions ω< including the "tip of the thumb" (the position where ∂ω/∂ |q| diverges) are confined to the Landau damped region and hence should not be regarded as actual collective modes. The plasmon mode shares the same fate in a plasma comprised of electrons or protons, but due to the small mass of the electrons the transition to the Landau damped region occurs at much larger momenta.
of the spectrum, usually in an area where Landau damping reaches its maximum. Longitudinal and transverse spectral functions are plotted in Fig. 7 , and including pair creation in Fig. 8 . For small momenta |q| transverse spectral functions are considerably larger than longitudinal ones. This is due to lack of static screening for the transverse component [5] [6] .
For large values of |q|, the situation is reversed. 
MeV Note further that the longitudinal spectrum in the proton plasma appears unusually large at the edge. This is due to the fact that the magnitude of the imaginary part is reduced in the vicinity of ω< at larger momenta (see Fig. 6 , bottom right). If the plasma is charge neutralized by an additional particle species Landau damping due to the other constituent takes over and reduces the magnitude of the spectrum in this region. . At these momenta, plasmon modes are longer present in the spectrum, dashed vertical lines correspond to the position of the (transverse) photon modes located at the light cone in the dissipation free region. With increasing momenta |q|, the spectrum due to pair creation outgrows the spectrum due to Landau damping. Since the chosen values for |q| are rather large, the corresponding spectral functions are relatively tiny.
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III. RPA IN DENSE NUCLEAR MATTER
Two modifications are necessary to adapt the results of previous sections to the physical environment of dense homogeneous nuclear matter: On one hand, the RPA resummation technique (which describes the long range collective response of the system) has to be generalized to accommodate multiple particle species; on the other hand, medium modifications of the nucleon quasi-particles (due to short-range strong interactions) have to be consistently incorporated. The latter is discussed in Subsec. III A (the results of which have at least partially been employed already, e.g., by using effective masses and chemical potentials of protons at saturation density), the latter in Subsecs. III B and III C. While Subsec. III B discusses a pure QED plasma comprised of electrons, muons and protons Subsec. III C additionally introduces strong interactions whereby the neutron enters the RPA resummation. Electromagnetic interactions of the neutron in vacuum arising from its small magnetic moment are ignored. The results presented here are relevant to the low-energy photon spectrum; at high energies the effects of the nuclear plasma can be expected to be small compared to QED contribution from pair creation processes. When the photon energy is close to being resonant with vector mesons such as ω and ρ, the photon can mix with these excitations in the nuclear medium, but these effects are beyond the scope of our current study.
A. Properties of nuclear matter from Fermi liquid theory
Under neutron star conditions nucleons form a strongly interacting Fermi liquid. We are interested in the quasiparticles properties, in particular the residual particle-hole interactions. As starting point we employ a Landau energy functional based on Skyrme type interactions taken from Ref. [34] , derived under the assumption of spin-averaged, homogeneous nuclear matter
The coefficients C n,τ,j T are related to standard Skyrme parameters [34] . The above functional depends on densities, kinetic energies, and currents, which in turn depend on the quasiparticle occupations via
with the usual definition k = d 3 k/(2π) 3 and flavor index a = n, p (the flavor labels a and b are chosen to avoid confusion with the spatial indices i and j). Isoscalar (T=0) and isovector (T=1) densities are n 0 = n = n n + n p , n 1 = n n − n p (and similar for j an τ ). The last term in 41 contains a k · k ∝ cosθ dependence and consequently corresponds to a l = 1 contribution (l being the angular momentum) in a partial wave expansion. Quasiparticle dispersions, effective masses, and (density and current) interactions are obtained by taking the derivatives
Derivatives with respect to n a,k are functional derivatives 2 , see Appendix B 2 for further details. Strictly speaking, the interaction potentials obtained via relations 43 are obtained in the static limit and only valid for f ab (q = 0) andf ab (q = 0), where q = k − k is the momentum transfer in the scattering of two quasi-particles. Corrections of the order q 2 cannot be extracted from functional 41. While this is certainly the biggest setback it is still a reasonable approximation if one is interested in the qualitative impact on the photon spectrum at sufficiently low momenta. In a partial wave expansion, the static density-density interactions correspond to l = 0 terms, while current-current interactions as well as effective masses correspond to l = 1 terms. Note further that in their functional form 42 the currents are defined as j a ∼ n a p a , where p a is the macroscopic momentum. From a standard kinetic definition, one would expect j a ∼ n a v a with v a = p a / |p a |. To obtain the proper current-current interactions required for the RPA f ab ij have hence to be multiplied by k f, a k f, b . The result is then equivalent to the l = 1 contribution of the density-density interactions; see Appendix B 2. In the ground state, i.e., at j i = 0 and n a,k = Θ(k f,a − |k|), energy functional 41 evaluates to (after adding the rest mass m 0 )
The result can be expressed in terms of the energy per particle E/A and is therefore directly related to the equation of state. The kinetic terms evaluated in the ground state become
Energy functional 41 is obviously defined non relativistically and so are all quantities derived from it. To incorporate them into a fully relativistic RPA calculation one has to perform a careful matching. A good starting point is to consider the energy density itself. In a fully relativistic setup, the kinetic contributions reads
which to lowest order in a large m expansion precisely reproduces the kinetic pieces of expression 44. Relativistic corrections to the interaction energy E int are at least partially included in the fits of the Skyrme parameters. While it is not entirely consistent to replace the kinetic contribution by its fully relativistic counterpart it should still be a fair approximation as relativistic corrections to the interaction energy are certainly smaller than those to the kinetic energy. In a free Fermi gas, chemical potentials and Debye masses of the fermions are consequently given by
To indicate that in contrast to its usual definition no factor of e 2 is included in the Debye mass, it has been denoted by m 2 D . Single-particle dispersions and energies in the interacting case are renormalized by
to ensure matching with the non-relativistic results 43 in a large m * expansion (to leading order one expects to find the non relativistic result plus the rest mass rather than the effective mass). Note further that the single-particle potentials U present in 43 have been subtracted. While those potentials are important for the determination of the ground-state properties of nuclear matter (e.g., number densities in β equilibrium; see below and in appendix B 2), they should not be added to the dispersions used in QED loop calculations where fermions are essentially treated as free particles (with effective masses). In thermal distribution functions n f (e k − µ), the single-particle potentials drop out automatically. In the following, we shall drop the label "rel" again and generally assume that relativistic quantities are used.
Stability and β equilibrium
In general, stable homogeneous matter requires a positive curvature of the energy density in a space spanned by n n and n p ,
This condition fails below a critical density n c which marks the onset of the so-called spinodal instability [35] [36] [37] , indicating that nuclear matter strives to be in a clustered state. In the models applied here local stability of homogeneous nuclear matter is achieved at densities above 0.6 n 0 . The screening mass being a second derivative of the energy density is sensible to the instability and diverges upon approaching n = n c from above. For completeness, it should be mentioned that the above argument involves only strong interactions; the inclusion of electromagnetism turns the first-order phase transition at the spinodal point into a second order phase transition. The screening, however, will in any case diverge at the transition point. There are three regions to be distinguished:
1. n < n c : homogeneous nuclear matter is unstable.
2. n c < n < n c, µ : homogeneous nuclear matter composed of electrons, protons and neutrons under the constraints of β equilibrium and charge neutrality, i.e., µ n − µ p = µ e and n e = n p .
3. n c, µ < n: homogeneous nuclear matter composed of electrons, muons, protons, and neutrons. The critical density for muon onset n c, µ is obtained from β equilibrium under the additional constraints of n µ = 0 and µ e = m µ . β equilibrium and charge neutrality are enforced by µ n − µ p = µ e = µ µ and n e + n µ = n p .
As an immediate consequence of the relativistic modifications introduced in the last section, the proton fractions are reduced with increasing densities. This can be seen from the leading relativistic correction to the β equilibrium condition
In this work, the Skyrme parametrizations recommended in Ref. [38] (KDE0v1, SKRA, SQMC700, LNS and NRAPR) are employed. The critical densities calculate on average to n c = 0.56 n 0 and n c, µ = 0.75 n 0 , i.e. the density region where homogeneous matter is stable but muons are absent is very small. A comparison of relativistic and non-relativistic cases is provided in Appendix B 2.
Static screening in nuclear matter
A quantity of particular interest to this work is the screening mass arising due to strong interactions. Since the induced coupling to neutrons is a core aspect of this study we are especially interested in how proton-neutron interactions modify the screening. Consider for a moment that these interactions are absent. Then, according to its thermodynamic definition, the inverse screening mass resulting from proton-proton interactions calculates tõ
with the usual Debye mass of the non-interacting system. The potential V pp is obtained as second (standard) derivative of the (interaction part of the) energy density 44 in the ground state with respect to n p . It should not be confused with the actual quasiparticle potentials f ab which are obtained as (functional) derivative of energy functional 41 which describes the ground state as well as excited states. Both expressions differ by l = 1 contributions and this difference is consequently expressible in terms of the effective chemical potentials (or effective masses in the non relativistic case)
Equation 52 55, normalized over the Debye masses in the non-interacting system. Given the considerable differences of effective masses or proton fractions at higher densities (see Appendix B 2) the results for the screening mass is fairly consistent. The screening diverges close to the spinodal instability and is slightly reduced at higher densities. The plot on the right-hand side displays an enlargment of the one on the left-hand side.
requires the calculation of the Jacobian J = |Det(∂µ i /∂n j )| such that
where relations 54 and the definition m * 2 D = µ * k f /π 2 have been used. The density-dependence of the static nuclear screening is displayed in Fig. 9 . The denominator of the Jacobian is precisely the stability condition 50. Note further that one recovers expression 52 when f pn is set to zero. Again Eq. 55 can alternatively be obtained from the static limit of a resummed polarization tensor similar to Eq.10; see Eq. 90 in section III C. For illustrative purposes the static screening is obtained from a relativistic mean field model in Appendix B 3.
B. QED with Electrons, Muons and Protons
Equipped with the results of Sec. III A we extend the single-species RPA to include multiple fermion species. Multi component RPA in the context of nuclear matter is well studied; see e.g., Refs. [12] , [13] . In a first approach, we consider pure electromagnetism and ignore the impact of the nuclear potentials f ab on the resummation, (i.e., on the collective properties of the system). The polarization tensor is now promoted to a matrix defined in a flavor space with indices a, b = {e
Similarly the generalized photon-fermion vertex reads V µ a = ie γ µ U a where in the present case U a = (1, 1, −1). The photon propagator remains a scalar in flavor space and its Dyson equation can be constructed with the aid of the new vertices according toD
where the trace is taken in flavor space; see also 
where the propagator has been replaced by the interaction matrix V ab which governs the interactions of all the constituents in the plasma. The above equation is the relativistic analog of Eq. 1 in Ref. [15] , where it was used to study collective modes in homogeneous neutron star matter. Considering Coulomb interactions, only V ab is given by
with the definition of G µν from Eq. 1. The closed-form solutions of the resummed polarization functions now read
with a similar expression forG ab . The explicit result 61 can be written in the instructive form (compare it as well to Eq. 6 in Ref. [15] 
with the determinant
F ab tensor is obviously no longer diagonal in flavor space. It describes how electromagnetic interactions between constituents a and b are screened by all constituents of the plasma. At leading order in an 1/q 2 expansion ofF ab , only the diagonal terms are nonzero and contain the one-loop polarization functions. Higher order terms describe screened electromagnetic interactions between fermions of species a and b: see, e.g., the expansion ofF eẽ
One may again use the resummed polarization tensor to obtain the dressed photon propagator
The relationship between the dressed photon propagator and polarization tensor is illustrated in Fig. 10 . After summing over all components of U T Π U one finds
in complete analogy to expressions 11. Blue, purple and green lines correspond to longitudinal proton-like, electron-like, and muon-like solutions respectively. Dashed lines correspond to q0 = v f |q| for each particle species, the black line corresponds to the transverse mode. In the collisionless limit, the various longitudinal solutions appear completely decoupled from one another. The electron-like solution is the only gapped solution in the spectrum and consequently identified with the plasmon mode of the combined electron, muon, and proton system. Muon-muon interactions are screened by electrons and proton-proton interactions are screened by electrons and muons. As a result, their respective plasmon modes are effectively reduced to sound-like modes.
Collective modes, damping and spectral densities.
Collective modes of the multi component plasma are determined from
In the longitudinal case, one finds a fine-structure of solutions which can be identified with the individual responses of the various particle species in the plasma. The existence of these distinct solutions is tied to the fact that the RPA probes the plasma in the collisionless limit characterized by q 0 τ >> 1 where τ is the lifetime of the Landau quasi-particles (see [39] for a more detailed discussion). In the collisional hydrodynamic regime (q 0 τ < 1), these modes are expected to merge into one collective response of the plasma. Among the longitudinal solutions, one finds the usual gapped plasmon mode ω L which is predominantly a collective excitation of electrons. Electrons are very agile and effective in screening muons and protons in the plasma. As a consequence of the screened muon-muon and proton-proton interactions their respective plasmon modes are reduced to (gapless) sound modes u µ , u p . This phenomenon is well studied in condensed matter theory and the corresponding modes are often termed "Bohm-Staver sound modes" [40] ; see [15] for a discussion in the context of nuclear matter. Because of their lower Fermi momenta k f, µ < k f. p , the muon branch disappears much earlier with increasing momentum q. In addition to these three modes, there are the overdamped gapless solutions ω <, e , ω <, µ , ω <, p . The transverse spectrum ω ⊥ does not exhibit such a fine-structure of modes. The analytical approximations for the transverse and plasmon mode in the limit of small q are
The above expressions are easily generalized to an arbitrary number of particle species. Setting m e = m µ = m p := m and µ e = µ µ = µ p := µ one obtains 3 ω 2 0 in the limit q → 0. This is to be expected as ω 2 0 can be expressed in terms of the particle number N , ω 2 0 = e 2 N /µ, and adding three times particles of the same species to the plasma simply triples the magnitude of N . The slope of ω L and ω ⊥ , on the other hand should not change, and indeed one recovers the q 2 terms of Eqs. 27 and 30. In the limit q → ∞ ,the transverse modes become
The gapless solutions in the small momentum limit may again be obtained by assuming a dispersion of the form q 0 = cv f |q| (where it is a matter of taste with respect to which of the Fermi velocities one wants to measure the slopes) and numerically solving Eq. 67 for c. At saturation density, one finds the two proton-like solutions ω <, p ∼ 0.89 v f, p |q| , u p ∼ 1.43 v f, p |q|, the two muon-like solutions ω <, µ ∼ 0.95 v f, µ |q| , u µ ∼ 1.43 v f, µ |q| and finally the gapped electron-like mode ω <, e ∼ 0.76 v f, e |q|. The complete spectrum is displayed in Fig. 11 . Next we consider static screening. Since the trace Tr Π 00 enters the longitudinal photon propagator 58, the total screening mass is simply given by the sum of the individual Debye masses. The static limit of the resummed polarization tensor summed over all constituens of the plasma 66 yields
To extract the static screening of Coulomb interactions between two particular particle species one needs to refer to the corresponding entry in matrix 62. It remains to discuss the imaginary parts stemming from Landau damping and pair creation of electrons, muons and protons. Fig. 12 illustrates the landscape where these processes are allowed in degenerate matter in β equilibrium at saturation density. At the one-loop level, one finds two dissipation-free regions characterized by the lightest and the heaviest particles in the system: There is always a gap in between the areas where Landau damping and pair creation of electrons operate, i.e., for −µ e + µ 2 e + 2 k f, e |q| + |q| 2 < q 0 < +µ e + µ 2 e − 2 k f, e |q| + |q| 2 ,
−µ e + µ 2 e + 2 k f, e |q| + |q|
even if this gap becomes tiny when the photon momentum exceeds k f, e ; see Fig. 13 (b) and (c). The photon modes ω ⊥ reside in this dissipation-free "canal", and the plasmon mode ω L is restricted to the dissipation-free area on the left side of Fig. 12 . Because of the small electron mass, the boundaries are very well approximated by q 0 = |q| and q 0 = 2µ e − |q|. The threshold for e + e − pair creation assumes a minimum for photons with momenta |q| = k f, e ∼ µ e , where energies of q 0 µ e are required. At higher momenta, there is no dissipation for energies below the (lower) threshold for Landau damping due to protons
In conclusion, the solutions u a and ω <, a are all subject to Landau damping due to one or more particle species of the plasma; the question is to which extent. While solutions u a are damped by the remaining constituents b = a, solutions ω <, a are additionally damped by their own kind. As a result we shall find that only the solutions u a represent maxima of the spectrum. The spectral functions generalize in a straight forward manner: 
14. Evolution of the longitudinal (a, c, e) and transverse (b, d, f) low-momentum spectrum of the photon in a degenerate electron, muon, and proton plasma in β equilibrium at saturation density. The spectra are plotted as functions of q0 for fixed momenta; compare as well to Fig. 11 . The solutions to Eq. 67 are indicated as follows: thick dashed lines show the positions of the sound-like solutions ua and the real plasmon mode ωL, and thin dot-dashed lines indicate the positions of the solutions ω<, a. While the solutions ua are indeed located at the maxima of the spectrum their corresponding peaks do not stand out too much from the bulk of the spectrum at lower momenta. Only the proton mode develops a well-defined peak at larger momenta.
where only the real plasmon mode and the transverse photon mode are located in the dissipation-free region. The evolution of the longitudinal and transverse photon spectrum with increasing momentum |q| is displayed in Fig. 14 . While it is true that the two sound-like solutions u p and u µ represent maxima, only the proton mode develops a well defined peak at higher momenta; see Fig. 14 (e) . The poles ω <, a are located somewhere in the bulk of the spectrum, not necessarily aligned with specific characteristics of the spectrum.
C. QED and strong interactions: Electrons, Muons, Protons and Neutrons
In the following we include strong interactions in the RPA resummation and account for the induced lepton-neutron scattering. Neglecting the magnetic moment of the neutron its contribution is not directly visible at the level of the resummed photon propagator: Eq. 58 only knows about electromagnetism and therefore still retains its form. The neutron, however, does play a role in the polarization of the medium as described by Eq. 59. The interaction matrix including electromagnetic and strong interactions reads
where density-density and current-current potentials f ab andf ab are determined from 43. We have introduced the factor q 2 /q 2 to obtain consistency with G µν ; Eq. 1 therefore projects the nuclear interactions onto the vector channel. In Appendix B 3, we discuss an instructive example where nucleons interact via the exchange of massive vector mesons as in the RMF model, the static contribution there is ∝ 1/m 2 meson , while in Eq. 79 the potentials are extracted from the energy functional 41. This approach to nuclear interactions renders the RPA resummations particularly simple: The evaluation of current-current correlation functions 21 is sufficient; axial or mixed correlation functions (which are to be included in a more rigorous treatment of nuclear forces) are not required. We note that our interest here is restricted to low photon energies and momenta, where induced interactions and collective effects are most pronounced. In this domain, it is reasonable to neglect the momentum dependence of the nuclear interactions as to obtain 79 from Fermi liquid theory. The closed-form solutions of the polarization functions according to Eq. 59 using Eq. 79 are fairly complicated. They can, however, be cast in a simple and intuitive form. To see that, we revisit the expansion of, e.g., theF ee component
which is identical to expansion 64 upon replacing insertions of F p and G p with insertions ofF p, nucl andG p, nucl , which readF
The above expressions contain one global factor of e 2 , indicating that 81 and 82 as a whole replace "bare" proton loops
Photon propagator 83 expanded in powers of the electromagnetic coupling. QED vertices are indicated by small dots, and short-range strong interactions are shown by small squares. At leading order one obtains the insertions of bare loops corresponding to each particle species. Protons are themselves polarized in the nuclear medium and unfold an infinite series of (proton and neutron) loops whenever they appear. Neutrons appear in the resummation at order α f f 2 pn .
in the resummation; the polarization functions F and G contain no further factors of e 2 . It is easy to understand where Eq. 81 comes from: It is the (a, b) = (p, p) component of the resummed polarization tensor Eq. 59 evaluated in the 2 × 2 subspace spanned by nucleons Π µν = diag (Π µν p , Π µν n ) and using only the nuclear interactions contained in matrix V µν , Eq. 79. Expansion 80 consequently shows that nuclear interactions appear "nested" inside of electromagnetic ones whenever a proton loop appears, which motivates the term induced interactions; f pn appears at least quadratic since neutrons need to couple to protons twice to contribute to the electromagnetic response. The photon propagator consequently knows about all direct and induced interactions and neutrons always play a role, even when one considers a scattering process between two leptons. Putting the dressed photon propagator together according to Eq. 58 leads to a compact result,
In summary, expression 83 resumms contributions from electrons, muons, and protons where protons are themselves polarized by strong interactions; see Fig. 15 . It contains any possible (one-loop) combination of electromagnetic and strong interactions once and only once. We may as well ask for the dressed polarization tensor which is again identical to Eq. 66 upon replacing F with Eq. 81 [and similarly G with 82]. The effective coupling to neutrons can be expressed in terms of the interaction Lagrangian
Modifications of the electromagnetic response due to strong interactions are sizable for longitudinal components but entirely negligible for transverse ones. This is mainly due to the fact that the transverse polarization functions are small compared to their longitudinal counterparts; see, e.g., Figs. 2 and 6.
Screening, collective modes and spectral densities
The real and imaginary parts of the proton contributions to the polarization functions in the presence of induced interactions are displayed in Fig. 16 . The densities are fixed at n = 0.65 n 0 (where muons are absent), n = n 0 , and n = 1.6 n 0 , and the cases with and without induced interactions are compared using various modern Skyrme forces (see Appendix B 2). Correlations with nuclear interactions induce a sizable change of the longitudinal polarization functions. At sufficiently low densities close to the onset of the spinodal instability, the impact of nuclear interactions is most pronounced: At very low energies q 0 , the longitudinal polarization is sensitive to the rapid increase of the static screening displayed in Fig.  9 . The critical density n c calculates to a slightly different value in each Skyrme model and the impact of the induced interactions on longitudinal polarization appears to vary strongly in Fig. 16 . This is however merely a consequence of the fact that at fixed density some models are closer to the instability while others are farther away. Putting together the spectral function, we shall find that the result at low densities is indeed fairly independent of the chosen Skyrme model. Real and imaginary parts of the proton contribution to the photon polarization functionsΠ00, Eq. 81, resummed in the subspace of protons and neutrons interacting via strong forces (see Eq. 81). In each plot, the momenta |q| are fixed at 10 MeV.
Since β equilibrium has to be determined separately for each Skyrme parameter set, the Fermi momenta of protons and neutrons vary in each case. NRAPR parameters (thick black line) which predict the largest proton fraction are chosen as reference and q0 is normalized over v f, p |q| (where the Fermi velocity of the protons consequently also corresponds to the NRAPR set). The blue dashed line displays the polarization effects from protons in the absence of nuclear interactions, again using NRAPR parameters. The peaks of real and imaginary parts of all other parameter sets are hence shifted to the left of the NRAPR peak. Various densities are shown; the last row shows the corresponding transverse polarization at 1.6 n0 for comparison. The impact of induced interactions is completely negligible for transverse components at any density but sizable for longitudinal ones, in particular for densities below n0. At saturation density, the results with and without induced interaction are roughly comparable. At higher densities, results are fairly model dependent. The qualitative tendencies of the impact of induced interactions are, however, consistent in all tested models. Poles of the real part of the longitudinal and transverse photon propagator in the usual color coding, using the NRAPR parameter set, with and without induced interactions. At saturation density, both scenarios lead to almost equal results (i.e., to the spectrum displayed in Fig. 11 ), mainly because there bare and induced screening are roughly of equal magnitude; see Fig. 9 . Dashed lines correspond to v f |q| for each particle species. For comparison, we additionally show the dot-dashed line in the bottom two figures below which the proton contribution to Landau damping sets in. The "tip of the thumb" is always located below this line.
Induced interactions additionally lead to a reduction of the magnitude of the peak around q 0 = v f, p |q|. Close to saturation density the cases with and without induced interactions are roughly comparable in magnitude. At n = 1.6 n 0 induced interactions reduce the magnitude of longitudinal polarization functions, again following the evolution of the static screening with increasing density. In the transverse channel, the impact of induced interactions is entirely negligible as expected.
Next we turn to the zeros of the real part of the photon propagator 83. It is interesting to take another look at the analytical results of ω L and ω ⊥ at low momenta. As a result of the (strong) resummation, the plasma frequencies are modified even in the limit q → 0, and the resulting expressions are quite complicated. For longitudinal and transverse modes, one finds
In the above formulae, neutron-proton interactions manifest themselves implicitly in the resummed plasma frequenciesω p and explicitely in the dimensonless couplings g n =ω
the quantities ω 0 are again defined without a factor of e 2 , and the perpendicular quantitiesω p, ⊥ andω p, ⊥ are obtainable by replacing f withf . By setting nuclear interactions to zero, one recovers 69 and 70. Since density-density and currentcurrent interactions also affect the plasma frequencies ω 0 one finds a mode splitting
i.e. the plasmon and photon modes do not coincide in the limit q → 0. We note that strong interactions appear to distinguish between longitudinal and transverse channels. In our approach this distinction arises from the difference between l = 0 and l = 1 Landau parameters. In the simplified RMF model discussed in Appendix B 3 where only the vector interaction is included, the longitudinal and transverse modes are degengerate, but in a more complete treatment of RMF forces one needs to include scalar and iso-scalar mesons, and this again breaks the degeneracy between longitudinal and transverse modes [13] [41] [42] . The observed splitting is small because nucleons are essentially non-relativistic and leptons dominate the plasma frequency. Fig. 17 displays to solutions of Eq. 85 and 86 for the three densities 0.65 n 0 , 0.85 n 0 and 1.6 n 0 and compares the cases with and without induced interactions. The role of the neutrons is to modify the response of the protons: At lower densities the proton sound mode u p (together with its overdamped companion ω <, p ) is restrained to lower momenta |q| in the presence of induced interactions. This situation is reversed at higher densities. At densities below saturation the Fermi velocities of muons are close to those of protons, leading to a merging of neighboring muon-like and proton-like solutions. As a result, there is no distinct proton sound mode in the spectrum at very low energies; see the second row of Fig. 17 . At densities above saturation, the Fermi velocities of muons are closer to those of electrons such that this time there is no distinct muon sound mode at very low energies (third row of Fig. 17 ). This effect persists in the absence of induced interactions and depends mainly on the evolution of the relative densities of the various components in the plasma. The screening mass of the photon subject to strong and electromagnetic interactions calculates to
where using the static limit of the resummed polarization tensor [Eq. 81] one finds thatm 2 D, p indeed agrees with Eq. 55. The additional factor of e 2 indicates that the screening is of order α f . The static limit of the total (strong and electromagnetic) screening is obtained from Eq. 73 upon replacing m Finally, the spectral densities can yet be obtained from 77 and 78, with the usual replacements of F and G withF andG. The results are displayed in Fig. 18 for the densities 0.65 n 0 , (a) -(c), 0.85n 0 , (d) -(f), and 1.6 n 0 , (g) -(i), for different momenta, using NRAPR Skyrme forces. Induced interactions significantly impact the proton peak (corresponding to the sound-like solution u p ) in the longitudinal photon spectrum: At lower densities and (moderately) large momenta, it becomes strongly suppressed; see (c) and (f). As a result, there no longer exists a well-defined excitation associated with the collective response of protons in the system. At higher densities, the situation is reversed and the proton peak in the presence of induced interactions outgrows the peak calculated in their absence, albeit by a much smaller margin (i).
Since the static (strong) screening in Fig. 9 assumes a minimum roughly around n = 1.6 n 0 , the proton mode will not be promoted to a sharp peak in the spectrum at any higher density, leaving the electron-like plasmon mode ω L as the only longitudinal collective mode in the spectrum. Fig. 19 compares the results of the proton contribution to the longitudinal spectral function using different Skyrme models. At low densities results are fairly robust, but the model dependence obviously increases with density. The considerable modifications of the longitudinal spectrum at lower densities further strengthens the hypothesis of Heiselberg and Pethick [5] [6] that scattering rates of fermions in the plasma (and therefore their corresponding contributions to transport) are dominated by the exchange of transverse photons. The situation changes at higher densities where the induced interactions are in general less relevant. The fact that the low density region is the domain where the impact of nuclear interactions is well under control is fortunate, as it resembles the phenomenologically very relevant crust-core boundary region of neutron stars. The blue dashed line serves as a reference to the NRAPR result without induced interactions. The suppression of the proton peak at lower densities is to a reasonable degree independent of the chosen parameters; the (small) enhancement at higher densities is much more model dependent.
IV. CONCLUSIONS AND OUTLOOK
We have investigated the photon spectrum in a dense relativistic plasma composed of electrons, muons, protons, and neutrons under neutron star conditions using the relativistic random phase approximation (RPA) to account for electromagnetic and strong correlations between them. By incorporating these correlations, we have shown they influence Landau damping and calculated the corresponding damping rates under degenerate conditions for arbitrary energies and momenta. The properties of nuclear matter including the residual quasi-particle interactions have been extracted from a Landau energy functional based on Skyrme forces and matched to the relativistic description. In the following, we summarize the main results and discuss potential applications and improvements. For small photon energies, our results are directly relevant for the calculation of transport coefficients. In this regime, collective effects are most pronounced and we show how interactions with neutrons induced by the (strong) polarizability of protons in the nuclear medium are consistently embedded in the resummed photon propagator. We find that dynamical screening effects due to Landau damping give rise to a complicated photon spectrum. Hard dense loop (HDL) approximations often prove insufficient to reproduce the RPA polarization functions, in particular in the presence of nucleons whose large masses violate the condition |q| k f . Since there is no static screening for transverse polarizations, it is well known that the transverse spectrum is considerably larger than its longitudinal counterpart at low momenta. At densities below nuclear saturation density, we find that the incorporation of short-range strong interactions further enforces this feature: While leaving the transverse spectrum unmodified, they significantly reduce the magnitude of the proton peak in the longitudinal spectrum, located at relatively small momenta ∼ v f, p |q|. To achieve a more realistic calculation of transport phenomena in degenerate relativistic plasmas, the physics of dynamical screening and induced lepton-neutron scattering should consequently be taken into account. The fact that induced interactions particularly impact the spectrum at densities corresponding to the crust-core boundary region makes them very relevant to the phenomenology of neutron stars. In this regard, the shear viscosity is of high interest as it acts as an important source of damping for hydrodynamic modes and r-modes, which in turn has implications for spin evolution of neutron stars and gravitational wave instabilities.
A qualitative understanding of the spectrum of collective modes is also relevant to study the decay of photons and plasmons into neutrino pairs, which is a potential mechanism for neutron star cooling. In the most general case, the real part of the longitudinal propagator exhibits a total of six distinct poles. Among these, the gapped plasmon mode is a weakly damped (undamped at one-loop order) collective excitation of the system with time-like properties. This mode is termed plasmon and is mainly an excitation of electrons. In addition, one finds two sound-like (gapless) solutions u µ and u p which manifest themselves as local maxima in the spectrum but are damped by electron and electron-muon particlehole excitations respectively. The remaining three excitations of electrons, muons, and protons are strongly damped, by particle-hole excitations of all species including their own, and generally do not coincide with any specific peak in the spectrum. The sound-like excitations owe their existence to the presence of lighter charged particles in the plasma which easily follow the motion of the heavier ones, providing efficient screening. Neglecting strong interactions, it may at first look like the proton excitation u p indeed develops a sharp peak in the photon spectrum. Including strong interactions we find that none of the gapless excitations represents a well defined collective mode, leaving the (mostly) electron excitation ω L as the only real longitudinal mode. Upon increasing momenta, all longitudinal solutions eventually cease to exist. The transverse propagator exhibits (two identical) modes which remain undamped in a one-loop calculation and continue to be present for any momentum as expected. A shortcoming which warrants further study is our approximate treatment of nuclear interactions which is strictly only valid in the limit where energies and momenta are small compared to typical energy and momentum scales in nuclear matter. While the effective particle-hole interaction in the long wavelength limit can be related to the equation of state and its thermodynamic derivates, its momentum dependence can be also extracted from microscopic approaches using resummation techniques described in Ref. [? ] . Such effective interactions have been derived recently in Ref.
[? ] and we hope to include these in future work to examine the importance of the momentum dependence. We have further neglected effects due to Cooper pairing between nucleons and our results are not valid at very low temperature T ≤ T c , where T c is the critical temperature for superfluidity or superconductivity. The critical temperature is T c T F , where T F is the Fermi temperature but its magnitude is poorly known, and our results obtained in the limit when T ≥ T F have a broad range of validity. It is well known that proton superconductivity will bestow a mass for the transverse photon through the Anderson-Higgs mechanism and fundamentally change its character in the medium. Elementary excitations in a similar setup have recently been studied in Ref. [? ] . It would desirable to develop a consistent treatment of both particle-particle and particle-hole correlations using realistic nucleon-nucleon interactions, and this work here must be viewed as a first step towards this more ambitious goal. TABLE I . Critical densities for stability of homogeneous nuclear matter and for the onset of muons in the non-relativistic and relativistic approaches for various parameter sets recommended in Ref. [38] . Both values are pushed towards slightly higher values in the relativistic case but the changes are not significant. Stable homogeneous matter is on average achieved for densities larger than 0.56 n0; muons appear on average at densities of about 0.76 n0 .
q 0 = q + − . In total, one obtains for |q| < 2k f :
Im Π 00 (q 0 > 0, |q| < 2k f ) P C = − e 
The functions A ± , B, C ± , and D are given by (with the abbreviation 
C ± (q 0 ) = q 2 + 2m 2 [(2µ − q 0 ) ± |q| q ] , D(q 0 ) = −2 q |q| q 2 + 2m 2 .
Properties of nuclear matter from Skyrme models
This appendix demonstrates the derivation of the basic properties of nuclear matter from a Landau energy functional; see also Ref. [34] . The coefficients C n,τ,j T appearing in the energy functional 41 are related to standard Skyrme parameters via A comparison of modern Skyrme forces can be found in Ref. [38] . In this work, we employ NRAPR, SKRA, SQMC700, LNS, and KDE0v1 parameters. Table I lists critical densities n c below which homogeneous nuclear matter is unstable and n c, µ, above which muons appear with and without the relativistic matching discussed in Sec. III A. We further check the symmetry energies for symmetric matter and matter in β equilibrium after applying relativistic modifications, obtainable from the energy functional [i.e., the energy per particle; see Eq. 44], Fig. 21 displays E sym for symmetric and β-equilibrated matter using NRAPR parameters. The deviations of the symmetry energy from the original non-relativistic result are tiny and appear only at very high densities (this remains true for all other parameter sets is use). We now turn to the calculation of the functional derivatives 43. One has
where V denotes the volume element in momentum space which can be dropped since we are ultimately interested in averaged quasi-particle energies and potentials. Single functional derivatives of j a · j b with respect to n k,b equate to zero. Equipped with these relations, it is straight forward to calculate the single-particle energies: The two resulting terms are usually interpreted as single particle potentials and effective masses 
The second derivatives yield the residual quasiparticle interactions (see Fig. 21 for plots using NRAPR parameters and where V is the matrix expression in Eq. B30. Additional factors of q 2 /q 2 cancel in the process, as usual. Explicitly expression B34 readsF
In the static limit and at small momenta, we find that the proton-proton component gives
which is exactly Eq. 55 obtained from thermodynamics, as expected.
